It has been known for several decades that Einstein's field equations, when projected onto a null surface, exhibits a structure very similar to non-relativistic Navier-Stokes equation. I show that this result arises quite naturally when gravitational dynamics is viewed as an emergent phenomenon. Extremising the spacetime entropy density associated with the null surfaces leads to a set of equations which, when viewed in the local inertial frame, becomes identical to the Navier-Stokes (NS) equation. This is in contrast to the usual description of Damour-Navier-Stokes (DNS) equation in a general coordinate system, in which there appears a Lie derivative rather than convective derivative. I discuss this difference, its importance and why it is more appropriate to view the equation in a local inertial frame. The viscous force on fluid, arising from the gradient of the viscous stress-tensor, involves the second derivatives of the metric and does not vanish in the local inertial frame while the viscous stresstensor itself vanishes so that inertial observers detect no dissipation. We thus provide an entropy extremisation principle that leads to the DNS equation, which makes the hydrodynamical analogy with gravity completely natural and obvious. Several implications of these results are discussed.
Gravity as an emergent phenomenon
Large amount of theoretical evidence suggests that gravity could be an emergent phenomenon like gas dynamics or elasticity with the gravitational field equations having the same status as, say, the equations of gas/fluid dynamics [1] . They seem to describe the thermodynamic limit of the statistical mechanics of (as yet unknown) atoms of spacetime or, equivalently, hydrodynamic (long wavelength) limit of a suitably defined 'fluid' system.
A very direct argument in favour of this paradigm is the validity of principle of equipartition which allows one to use the classical field equations, along with the expression for Davies-Unruh temperature [2] , to determine the number density of microscopic degrees of freedom [3] . One finds that any null surface in the spacetime is endowed with a number density of microscopic degrees of freedom ('atoms of spacetime') which depends on the structure of the gravitational theory. In the simplest context of Einstein's theory, this density is a constant (equal to one degree of freedom per Planck area) while in a generic Lanczos-Lovelock model, it is proportional to P abcd = ∂L/∂R abcd where L is the Lanczos-Lovelock Lagrangian and R abcd is the curvature tensor [3] . We shall hereafter call P abcd as the spacetime entropy . Given the number density of microscopic degrees of freedom one can construct an entropy functional for the system which will depend only on P abcd and lead correctly to the Wald entropy [4] of the LanczosLovelock theory. The crucial fact that entropy of a horizon in a gravitational theory depends on the theory (and is proportional to the area only in the simple case of Einstein gravity) finds expression in the related fact that the density of microscopic degrees of freedom determined through the law of equipartition, depends on the theory.
This key 'internal evidence' from the structure of gravitational theories -especially in Lanczos-Lovelock models -suggests that they may be viewed as the thermodynamic limit of the statistical mechanics of the microscopic degrees of freedom. This is reminiscent of the work by Boltzmann and others, who used the 'internal evidence' of thermal phenomena to deduce the existence of atoms/molecules and determine the Avogadro number which quantifies their number density even without knowing what they are and having no direct observational support for their existence.
The above results were obtained by starting from the field equations of the theory, rewriting them in the form of law of equipartition and thus determining the density of microscopic degrees of freedom. A more attractive procedure will be to invert this argument and obtain the field equations of the theory from the density of microscopic degrees of freedom. We do know that the thermodynamical behaviour of any system can be described by an extremum principle for a suitable potential (entropy, free energy ...) treated as a functional of appropriate variables (volume, temperature ,....). If our ideas related to gravitational theories are correct, it must be possible to obtain the field equations by extremising a suitably defined entropy functional. The fact that null surfaces block information suggests that the entropy functional should be closely related to null surfaces in the spacetime. This turns out to be true. The Lanczos-Lovelock field equations can indeed be obtained [5] by extremising an entropy functional associated with the null vectors in the spacetime. This functional depends only on a tensor P abcd which has the symmetries of the curvature tensor and is divergence-free in all indices. One can show that the thermodynamic variational principle leads to the field equations of a Lanczos-Lovelock model with the same entropy tensor.
In this paper, I will reinterpret these results in a different manner. I will argue that it is more natural to project the equations which result from the entropy extremisation onto the null surfaces of the spacetime, thereby obtaining what is usually called in the literature as the Damour-Navier-Stokes (DNS hereafter) equation [6, 7] . In general this equation is similar to Navier-Stokes (NS) equation but is not identical to it because the DNS equation contains a Lie derivative while the standard NS equation has a convective derivative. (As I will describe in Section 3.4, this structural difference exists in all the previous derivations of DNS equation in the literature but has not been emphasized). I will argue that it is better to study the structure of gravitational field equations in freely falling frames rather than in arbitrary coordinates and will show that -in locally inertial frames -the DNS equation becomes identical to NS equation. Moreover, the physical interpretation, especially aspects related to viscous dissipation, becomes transparent in this frame.
We thus obtain an entropy extremisation principle to derive DNS equation directly, which makes the hydrodynamical analogy with gravity self contained. This is in contrast with the conventional approach in which one first obtains the field equa-tions from some (action) principle and then interprets it as a NS like equation. In such an approach it seems somewhat mysterious that the equation looks similar to NS equation with a thermodynamic structure.
This paper is organized as follows: I begin in the next section with a short review of the derivation of gravitational field equations by extremising the entropy density of spacetime. In Section 3.1, I argue in favour of projecting these equations onto a null surface. The technology to describe the extrinsic geometry of the null surface is reviewed briefly in in Section 3.2. (A more pedagogical discussion is included in the Appendix to make the paper self-contained.) This is used to recast the equations in the form of NS equation, with convective derivative, in a boosted inertial frame in Section 3.3. The DNS equation in a general frame (which has the Lie derivative rather than convective derivative) is obtained in Section 3.4 and a comparison of these equations and their physical implications are presented in Section 4. Some further technical issues related to rescaling of null normal and introducing spacetime dependent boosts are discussed in Section 4.1 and the conclusions are presented in the last section. This analysis also opens up several further avenues of research which I will briefly mention whenever appropriate.
We will use the mostly positive signature; the Latin indices, a, b... go over 0 − 3 in the spacetime manifold M while the Greek indices α, β, ... go over the coordinates in a 3-dimensional null surface S with signature (−, +, +). When we restrict ourselves to the two-dimensional, spatial sub-manifold of this null surface, we will use uppercase Latin indices A, B, ....
Entropy density of spacetime and its extremisation
The field equations of Lanczos-Lovelock models were obtained previously [1, 5] from an entropy extremisation principle along the following lines, which we shall rapidly review. (The physical motivation and algebraic details are described in detail in previous papers, e.g., ref.
[1], and will not be repeated here.) The procedure involves associating with every null vector in the spacetime an entropy functional S grav and demanding δ[S grav + S matter ] = 0 for all null vectors in the spacetime where S matter is the relevant matter entropy. It can be argued, based on the energy flux across local Rindler horizons and the associated entropy, that the form of S matter relevant for this purpose can be taken to be
where n a is a null vector field and T ab is the matter energy-momentum tensor living in a general D(≥ 4) dimensional spacetime. (The integration could be over this spacetime volume (k = D) or even over a nontrivial sub-manifold (k < D), say, a set of null surfaces. This does not affect the variational principle or the resulting equations.) The simplest choice for S grav is a quadratic expression in the derivatives of the null vector:
where P cd ab is a tensor having the symmetries of curvature tensor and is divergencefree in all its indices. (This makes the notation P cd ab ≡ P cd ab unambiguous and we will often use this placement of indices.) It can be shown that the most general tensor which satisfies these criteria is the entropy tensor of a Lanczos-Lovelock theory; that is, the P abcd in Eq. (2) can be expressed as P abcd = ∂L/∂R abcd where L is the Lanczos-Lovelock Lagrangian and R abcd is the curvature tensor [1] . This choice will also ensure that the equations resulting from the entropy extremisation do not contain any derivative of the metric which is of higher order than second. (More general possibilities exist which we will not discuss in this paper.) The expression for the total entropy now becomes:
We now vary the vector field n a in Eq. (3) after adding a Lagrange multiplier function λ(x) for imposing the condition n a δn a = 0. Straight forward algebra (see e.g., Section 7.1 of ref. [1] ) now shows that the condition δ[S grav + S matter ] = 0 leads to the equations (2R
where
ijk is the generalization of Ricci tensor to Lanczos-Lovelock models. We demand that this extremum condition should hold for all null vector fields n a . At this stage the usual procedure [1, 5] is to use the generalized Bianchi identity and the condition ∇ a T a b = 0 to obtain from Eq. (4) the equations
where Λ is a constant and P abcd = ∂L/∂R abcd . These are precisely the field equations for gravity in a theory with Lanczos-Lovelock Lagrangian L. When L ∝ R, leading to P There exists, however an alternative route which we will explore in this paper, that turns out to be more in tune with the entropy extremisation principle and emergent perspective of gravity. To do this we note that, while Eq. (4) holds for any vector field, once the normalization condition is imposed through the Lagrange multiplier, the entropy was originally attributed to null vectors and hence it is natural to study Eq. (4) when n a is the null normal ℓ a of a null surface S in the spacetime and project Eq. (4) onto the null surface. This is what we will do.
In the case of spacelike or timelike surfaces with a normal, such a projection is straightforward but the null surfaces require a somewhat more careful treatment. This is described in the Appendix for those readers who may not be completely familiar with the issues involved. In the main text of the paper, we shall use the results from this Appendix to proceed further. We will also work with Einstein's theory in D = 4 for clarity and definiteness and will mention more general possibilities in the end.
3 Navier-Stokes dynamics of null surfaces 3.1 Entropy extremum condition projected onto a null surface
In a 4-dimensional spacetime manifold M with a metric g ab , a null surface with normal ℓ will be a 3-dimensional sub-manifold S such that the restriction γ µν of the spacetime metric g ab to the S is degenerate. It can be easily shown (see Eq. (48) of Appendix) that the normal ℓ a to S satisfies the null geodesic equation ℓ a ∇ a ℓ m ≡ κℓ m with a non-affine parametrization, indicated by a non-zero κ which we will call the surface gravity. Since the normal ℓ to a null surface is also a tangent, this result also shows that a null surface can be thought of as "filled by" (a congruence of) null geodesics. Using this, we can introduce a natural coordinate system adapted to a family of null surfaces in the spacetime. We choose one of the coordinates such that x 3 = constant correspond to a set of null surfaces with, say, x 3 = 0 on S. Let the intersection of S with a x 0 = constant surface (Σ t ) of the spacetime be a 2-dimensional surface S t with transverse coordinates x A ≡ (x 1 , x 2 ) and coordinate basis vectors e A ≡ ∂ A . We will choose the coordinate system such that
with with ℓ · ℓ = 0 = ℓ · e A . (That is, we embed S in a one-parameter congruence of null hypersurfaces corresponding to x 3 = constant and choose the other coordinates x 0 , x 1 and x 2 in such a way that Eq. (6) holds.) Clearly, ℓ has the structure of a convective derivative if we think of v A as a transverse velocity field. The line interval, which has nine independent functions, has the form in Eq. (51) of Appendix. In particular the line element on x 3 = constant surface is given by:
The metric on S t corresponding to t = constant, x 3 = constant is q AB with a well defined inverse q AB . The raising and lowering of the uppercase indices A, B etc. in this transverse two-dimensional surface are done using these metrics.
A more formal way of introducing this metric is as follows: Given a null surface with the normal ℓ a , we first introduce another null vector k a with ℓ · k = −1. (For example, in flat spacetime if ℓ = e t + e z is the outgoing null vector, then k could be k = (1/2)(e t − e z ) which is proportional to the ingoing null vector.) The metric on the two dimensional surface S t orthogonal to this pair is given by the standard relations:
The mixed tensor q a b allows us to project quantities onto S t . We are interested in the projection of Eq. (4) onto S with n a = ℓ a . In contrast to timelike or spacelike surfaces, this will now contribute, (i) a term along ℓ itself when we contract Eq. (4) with l a (because ℓ is also tangent to S!) as well as (ii) a projection to the 2-surface S t obtained by contracting Eq. (4) with q i A . In both, the term involving λ will not contribute because ℓ 2 = 0 and ℓ a q ab = 0. More formally the projection will give (see Eq. (64) of the Appendix) the equations:
In other words, the maximization of the entropy associated with the null vectors lead to these two equations in a natural, direct manner.
Of these, the second equation in Eq. (9) involvingR mn ℓ m ℓ n will give the familiar Raychaudhuri equation (which we will not discuss in detail) while the first one with R mn ℓ m q n a will lead to an equation that looks like the Navier-Stokes equationwhich will be of our interest in this paper.
To obtain the latter in a physically transparent way, we only have to consider the A th component (in the transverse direction) of the vector R mj ℓ m . This can be expressed in terms of the covariant derivative of ℓ by the standard identity
where the first equality arises from Eq. (6) . (Recall that in our notation, Greek letters cover 0, 1, 2 while uppercase Latin letters cover 1, 2 in the transverse direction.) To rewrite this as a Navier-Stokes equation, we need to re-express the derivatives ∇ A ℓ µ and ∇ µ ℓ µ in terms of quantities related to the extrinsic geometry of S. We will now briefly overview the concepts involved in the extrinsic geometry of a null surface delegating details to the Appendix.
Extrinsic geometry of a null surface
The extrinsic geometry of the null surface is determined by the derivative of the normal ∇ µ ℓ along the tangential directions of S. Because ℓ · ∇ µ ℓ = (1/2)∂ µ ℓ 2 = 0 the covariant derivative of ℓ along vectors tangent to S is orthogonal to ℓ and hence is tangent to S. Therefore ∇ α ℓ is a vector which can be expanded using the coordinate basis e µ = ∂ µ on S. (This basis is made of we have
follows that ℓ α is an eigenvector of the matrix χ β α with the eigenvalue κ. The coefficients χ β α determine the extrinsic geometry of the null surface we are interested in. We will now study the different components of the 3 × 3 matrix χ β α . To do this, we define the quantity Θ αβ ≡ γ µβ χ µ α the components of which are given by
where we have used ℓ · e α = 0. This quantity is clearly symmetric (Θ αβ = Θ βα ) because Christoffel symbols are symmetric. Further, from the result ℓ b ∇ a ℓ b = 0, we have the identity Θ αβ ℓ β = 0 which, on expansion, using
Thus all components of Θ αβ can be determined in terms of the three components of Θ AB and the metric coefficients v A . The components Θ αβ have a direct geometrical significance as the Lie derivative along ℓ of the metric q ij on S. Using the restriction of the 4-dimensional Lie derivative of g ij to S t , we get
in the adapted coordinate system. This structure is similar to the standard formula K µν = −(1/2)£ n h µν for the extrinsic curvature of a t = constant spacelike surface in the (1 + 3) decomposition. In fact, evaluating Eq. (13) in the coordinate system adapted to S we get a result very similar to the familiar one for K µν , (see e.g., Eq. (12.21) of ref. [8] ):
When q AB is independent of t, we see that Θ AB is essentially the shear tensor of a velocity field v A . This is the key reason why the projected equations can be interpreted as the Navier-Stokes equation.
We will also need to define three more quantities ω α = (ω 0 , ω A ) in terms of the Weingarten coefficients by
The utility of Θ AB and (ω 0 , ω A ) arises from the fact that we can determine all the components of χ 
Similarly we have
So the covariant derivative ∇ µ ℓ of the normal vector ℓ -and thus the extrinsic geometry of S -is completely characterized by the set (
Confined to the transverse components, Eq. (17) also gives the relation:
which will turn out to be useful. Being a symmetric tensor, Θ AB can be expressed in terms of its irreducible parts, viz. the trace θ ≡ Θ A A and the trace-free part σ
In the adapted coordinates, θ is given by the expression
and is related to the divergence of ℓ through the relation
In arriving at the third equality we have used Eq. (18) and in arriving at the first and the fourth equality we have used Eq. (6). The last relation arises because χ
The Navier-Stokes equation in the boosted inertial frame
Using these results, we are in a position to rewrite Eq. (10) in terms of the variables related to the extrinsic geometry of the null surface. Using Eq. (11) and Eq. (21) we can rewrite Eq. (10) as:
Let us consider this expression around any given event in a frame in which the Christoffel symbols vanish but their derivatives do not. We will assume that the metric coefficients become constant and have their usual diagonal form except for keeping v A = 0 but a constant. (That is, we are working with a Lorentz-boosted local inertial frame; we will comment on this choice later on in Sec. 4.1.) In that case, we can write ∇ µ χ µ A in Eq. (22) as:
Each equality is obtained by discarding terms involving Christoffel symbols but retaining terms containing their derivatives; we have also used Eq. (15) and Eq. (18).
(Note, for example, that ω µ is proportional to Christoffel symbols and hence vanishes but its derivative need not.) Thus we get
where we have used Eq. (19). The first equation in Eq. (9) now becomes:
Again note that σ B A vanishes in the local inertial frame but its derivative ∂ B σ B A will not. Rewriting Eq. (25) in the form
we see that Eq. (26) has the exact form of a Navier-Stokes equation for a fluid with (i)
16π). (Note that in the conventional NS equation the viscous tensor 2ησ
A B + ξδ A B θ is defined with an extra factor 2 for shear viscosity.) (iv) bulk viscosity coefficient ξ = −1/16π and (v) an external force F A = T mA ℓ m . The NS will also have term θω A which vanishes in the local frame because θ = 0 but, of course, we can formally add this term (which is numerically zero) to Eq. (26) to complete the structure; but the derivative ∂ A θ is non-zero, which allows us to uniquely determine the bulk viscosity term.
For this interpretation to be strictly valid, it is also necessary that σ B A has the form of a trace-free shear tensor built from the velocity field v A . From Eq. (14) we see that this is true provided (∂q AB /∂t) = 0 when we have:
In the literature, Eq. (26) or its analogues are often called as Navier-Stokes equation even when (∂q AB /∂t) is non-zero. This is -strictly speaking -incorrect especially because the metric q AB has no fluid dynamical interpretation in general. We shall come back this point in the next section. It should also be noted that, in the conventional NS equation, the momentum density that is transported by the fluid is usually collinear with velocity. In our case, the ω A and v A are in general unrelated and -in fact -the physical meaning of ω A is unclear for a general null surface. (It does have a physical meaning in the context of the event horizon of Kerr black hole, for which the formalism was originally delevoped; in that context, ω A can be related to the angular momentum of the black hole.)
It is clear that η/ξ = −1 also makes any interpretation in terms of standard viscous dissipation unnatural for a general null surface [9] . In the literature, this interpretation has been provided in situations when teleological evolution is acceptable especially in the context of black hole event horizon. More importantly, the ratio between shear viscosity and entropy density s = 1/4 of the null surface is given by η/s = 1/4π, when we use the fact that any null surface can be attributed an area density of entropy which is (1/4) in Einstein's theory. Similar results are known in much more complicated situations arising from string theory but they presumably have the basis in Eq. (26).
For completeness we will also state the Raychaudhuri equation arising from the second equation in Eq. (9) which, in the boosted local inertial frame reads (see Eq. (65) of Appendix and note that Θ mn = 0 = θ in this frame):
which relates the evolution of θ to the energy flux across the null surface. In the context of local Rindler frame, the right hand side of Eq. (28) can be interpreted as proportional to the heat flux making this an entropy balance equation. We shall briefly comment on this interpretation in Sec. 5.1.
The Damour-Navier-Stokes equation in arbitrary frame
The entire analysis analysis can be repeated in an arbitrary coordinate system to obtain a generalized Navier-Stokes equation, first obtained by Damour [6] . This is derived in the Appendix (see Eq. (70)) and has the form:
where the various terms are defined below. The metric q a b is given by Eq. (8); the Ω m is the projection Ω m = q n m ω n = Ω n − κk n where ω n = ℓ j ∇ j k n ; note that, since k A = 0, we have Ω A = ω A as far as the transverse components, which we are interested in, are concerned. The Θ mn is the projection of the covariant derivative:
The D i is the covariant derivative operator defined using the metric q ab in the two-dimensional subspace, while £ ℓ is the Lie derivative with respect to ℓ.
A comparison of Eq. (29) with Eq. (24) shows that -while most terms have an one-to-one correspondence, with suitable projections replacing the operation of taking transverse components -there are two crucial differences which we will now discuss:
(i) In the literature one usually sees the interpretation of σ m a as the viscous shear tensor of a fluid with a velocity field v a without bothering about its internal structure. But, as we have already mentioned, this tensor contains an extra term involving the time derivative of the transverse metric, (∂q ab /∂t) which has no direct fluid dynamical interpretation. Similarly, the bulk viscosity term involving θ contains the time derivative (∂/∂t) ln √ q. (See Eq. (14) and Eq. (20); of course, (∂q ab /∂t) = 0 in the frame we are working with, but its derivative ∂ m (∂q ab /∂t) does not vanish, which is what leads to the difficulty). To get out of this difficulty, one needs to make certain choices for the metric and coordinate system so that q ab is independent of t. (In some other contexts one can avoid this term by rescaling ℓ or by working in a perturbative series for the metric; we shall briefly comment on these possibilities in Sec. 4.1.) There is very little discussion of this issue in the literature and the term involving σ m a is usually called shear viscosity term without worrying about its internal structure.
(ii) The second, and probably more crucial, difference is the following: The DNS equation in a general coordinate system, given by Eq. 
The key difference is second term in the left hand side, ω B D A v B , involving the derivative of the velocity field which is absent in the standard NS equation, making the two equations structurally different.(This term vanishes in the local inertial frame since ω A vanishes in that frame, making the structure of DNS equation identical to NS equation.) More formally, the convective derivative term D t Ω a = q n a ℓ m ∇ m Ω n defined with correct projections, is related to Lie derivative term by:
Using this we can rewrite Eq. (29) as:
which clearly brings in an extra term, which is the second term in the left hand side. Our Eq. (29) and Eq. (30) agree with the original results obtained by Damour [see e.g., Eq. (I.55) of ref. [6] or Eq. (15b) of ref [7] ]. In ref. [6] , Damour also quotes the standard NS equation (see Eq. (I.47) of ref [7] ) which, of course, differs by the term involving the derivative of the velocity from the Eq. (I.55) of the same work. Similar difference exists in ref. [10] It is true that the Lie transport arises more naturally than convective transport in curved spacetime and one may think of it as a natural generalisation; but the extra term in a PDE makes its structure (and solutions) very different and hence a careful distinction needs to be made.
We have, however, shown that one can indeed think of DNS equation as identical to the NS equation provided we view it in the (boosted) local inertial frame. Since ω a is proportional to the Christoffel symbols, the extra term vanishes in the local inertial frame making this interpretation easy. This procedure actually has a broader domain of relevance which I will now describe.
Fluid dynamics of null surface and the issue of viscous dissipation
In any generally covariant theory, one tries to express the equations in a form valid in arbitrary coordinate systems in order to exhibit the symmetries explicitly. While this is certainly important to check the diffeomorphism invariance of the theory, it has two shortcomings in certain contexts: (a) The metric coefficients will depend on the spacetime coordinates both in curvilinear coordinates as well as in a curved spacetime. Principle of equivalence implies that one cannot meaningfully ask "how much" of this dependence arises due to the choice of the coordinates and "how much" arises due to the curvature of spacetime. When we are interested in the structural aspects of the theory, the spacetime dependence of the metric due to the choice of coordinates acts as an extra baggage which one would like to avoid. Working in the local inertial frame allows us to do this.
(b) The emergent paradigm of gravity suggests that one needs to accept an intrinsic observer dependence in all thermodynamical variables. In particular, one can attribute an entropy, temperature and related dynamics to local Rindler horizon as perceived by the corresponding Rindler observer in the spacetime even though a freely falling observer will not attribute any thermodynamical features to the same null surface ( [14, 15] ; also see Sec. 4.4 of ref. [1] ). But, while we use the observer dependent thermodynamics to obtain the field equations of gravity in this approach, the final result should be (and is) independent of the Rindler observers and must be generally covariant. Therefore while projecting the field equations to a null surface and interpreting them as NS equation of a fluid living on that null surface, it is crucial to ask which part of the field equation survives in the freely falling frame. Our analysis shows that the terms involving (i) the derivatives of the stress tensor, (ii) the derivative of the pressure and the (iii) external momentum flux term remain non-zero in the freely falling frame because they involve derivatives of the Christoffel symbols. This is in spite of the fact that the viscous stress tensor and the pressure themselves vanish in the freely falling frame. What is relevant for the equation to be interpreted as the NS equation is the existence of a viscous force on the fluid, arising from the gradient of the viscous tensor (and pressure), rather than the viscous tensor (or pressure) itself. Of course, this is very counterintuitive compared to normal fluid mechanics. If flow of water exhibits viscosity, it will also have non-zero viscous tensor in the same frame of reference! But here, we are merely calling some combination of Christoffel symbols as viscosity tensor (see Eq. (12)) and their derivatives involving certain combinations of Ricci tensor as viscous force. Obviously, the former can vanish without the latter vanishing in a local inertial frame.
This feature has important implications for the characterization of viscous dissipation in the current context. In the conventional fluid dynamics based on NS equation, the viscous dissipation will be proportional to terms involving σ AB σ AB and θ 2 and -in usual fluid mechanics -σ AB σ AB , θ and ∂ B σ AB will all be nonzero. In our case σ AB and θ vanish in the freely falling frame and the inertial observers in spacetime will not see any dissipation. (The Raychaudhuri equation in arbitrary coordinates -Eq. (65) in the Appendix -has these quadratic term in the viscous tensor which disappear in Eq. (28) valid in the locally inertial frame.) This is reassuring since we do not probably expect a continuous, observer independent, dissipation to take place in spacetime. But the force on the viscous fluid, which depends on the gradient ∂ B σ B A and ∂ A θ, does not vanish even in the freely falling frame showing that this force has an observer independent existence. It might appear, at first, paradoxical that a viscous force term exists for the fluid but no viscous dissipation. But, as we said above, algebraically this is no more paradoxical than the fact that effects due to curvature involving derivatives of Christoffel symbols can be present locally even when the Christoffel symbols vanish at a point. The result obtained above is just a translation of this well-known fact in the language of null surface dynamics. In fact the real paradox would be if there is an observer independent viscous dissipation in spacetime! There have been attempts in the literature to interpret the equations for the fluid on the null surface, especially the Raychaudhuri equation, as describing entropy production ( [6, 7, 11] ; for more recent work based on emergent approach to gravity, see e.g., [16] ). The early work (e.g. [6, 7, 11] leads to an entropy production that is acausal (or teleological, as it is often called) involving the entire future history of the null surface. In this context, we need to distinguish between two different physical situations. This teleological feature is probably acceptable in the context in which DNS equation was originally derived and applied, viz., to black hole event horizons. Event horizons are in any case teleological even in their definition and hence this is not a surprise.
But the DNS equation is applicable to any null surface in the spacetime, including patches of the local Rindler horizons. In the emergent paradigm of gravity one relies heavily on local Rindler horizons which are ordinary null surfaces in spacetime and not event horizons corresponding to some specific solutions of field equations. In fact, to obtain the field equations from a suitably defined entropy density of spacetime, one uses the local Rindler horizons as off-shell constructs in the theory and hence they cannot be linked to horizons arising in on-shell solutions. But since, in our derivation of DNS we never assigned any special property to the null surface in question, the resulting equations are applicable as equally to a local Rindler horizon in a given spacetime as to an event horizon of a black hole obtained as specific solution. This is why we need to carefully distinguish generic features of interpretation which are valid for any null surface from some of the features which might have limited validity in the specific context of black hole horizon. The dissipation and generation of entropy with accompanying irreversible thermodynamics may be acceptable in the case of physical processes involving black hole horizons, say, but such dissipation is difficult to interpret in terms of local Rindler horizons. So, again, it is probably welcome that σ AB σ AB and θ 2 vanish in the freely-falling frame but the NS equation for the fluid remains valid. From this point of view, it seems better to interpret the equations in the freely falling frame.
Incidentally, it does not seem to have been emphasized in the literature that Einstein's equations have a very simple form in the freely falling frame. Using the exact expression for Ricci scalar
we find that, in the locally inertial frame Einstein's equations take the form:
In fact projecting Eq. (34) to a null surface (when η ab T term will not contribute) we can re-derive our NS equation. Since all the terms in the left hand side of Eq. (34) correspond to specific combinations of curvature tensor components we see that the DNS equation in the boosted inertial frame essentially provides mapping between curvature components and the relevant fluid variables. This aspect will be explored in a separate publication [17] .
Spacetime dependent boosts and rescaling of the null normal
In obtaining Eq. (25) we have purposely used a boosted local inertial frame in which all the metric coefficients take the standard Cartesian form except g 0A = −v A . One could have, of course, repeated the derivation with v A [and its derivative which, being proportional to Christoffel symbols, are anyway zero] set to zero but with the second derivatives of v A (which contribute to the viscous force term in ∂ B σ B A ) remaining non-zero. We kept the v A non-zero in the original derivation just to exhibit the nature of convective derivative and to contrast it with the Lie derivative. Physically, one can think of non-zero v A as arising because of a transverse velocity for the observers (e.g., local Rindler observers with a constant velocity drift parallel to the Rindler horizon).
The derivation of DNS equation does not pre-suppose any special form of the metric. In certain contexts, one can choose the metric as well as the normalization of ℓ in such a way that the extra term in the Lie derivative is cancelled out. This arises because the different terms in the DNS equation scale differently when we rescale the null vector ℓ by a spacetime dependent factor γ(x). (Being a null vector, ℓ has no natural normalization, without us making some additional assumptions.) This transformation changes the components of ℓ i to the form (γ, 0, γv A ) suggesting the interpretation of a spacetime dependent Lorentz boost with a γ factor. One can easily show that when ℓ → ℓ ′ = γℓ the Θ ab , σ ab and θ scales by a factor γ and the vector k goes to γ −1 k. But κ and Ω A change inhomogeneously as:
Because of Eq. (35), the DNS equation does not retain its form under such a rescaling. One can, by hand, choose the value of γ to cancel out the extra term in the Lie derivative thereby reducing the equations to the standard N-S form. (This has been done, for example, in ref. [13] with a different motivation.) A similar mathematical situation arises in a more general context of a set of transformations which are usually used in the literature. Consider a metric written in a coordinate system with g 0α = 0 so that the line element is
We will now substitute in this metric dt = u a dx a where u a has the components u a = γ(1, v α ). If we take v α to be constant with γ = (1 − v 2 ) −1/2 , then such a transformation is equivalent to a Lorentz boost and, of course, leaves the physics invariant. But when v α and γ are functions of spacetime coordinates, the transformation changes the character of geometry. (Without additional constraints, dt = u a (x)dx a will not even be integrable and dt will not be an exact differential; however, one can certainly use this "rule" to modify the metric.) Straightforward algebra now shows that the resulting metric can be expressed in the standard (1+3) form as:
Obviously, such a modification of the metric is not a symmetry of the theory when u a (x) are spacetime dependent functions; for example, if the original metric in Eq. (36) satisfied Einstein's equations with some source, the modified metric in Eq. (37) will not be a solution unless very special conditions are satisfied. We will provide a general discussion of these transformations in a future publication [17] but will point out one simple feature here which is relevant to our discussion.
Notice that if we consider the lowest order change, linear in the boost velocity, it is essentially the generation of the cross term with N µ ≈ F 2 v µ . This has the effect of generating an extra term to the extrinsic curvature of the t = constant surface given by
where D is the covariant derivative based on the spatial 3-metric. When the original coordinate system was synchronous with F = 1, this extra term has the form
Further, if we treat one of the spatial coordinates, say, x 1 differently from the two transverse coordinates x A = (x 2 , x 3 ), then the Θ AB of the null surfaces orthogonal to null vectors in x 0 −x 1 plane will pick up a term of the form
(61) in the Appendix). This, in turn, corresponds to the addition of an extra term
to the trace-free part of Θ AB which has the form of the shear viscosity tensor. This analysis shows how a drift velocity in the transverse direction to a null surface can lead to the viscous stress tensor of the correct form. Several discussions of this topic in the literature are essentially special cases of the transformation in Eq. (38) with very specific choices for F, f αβ and u a . One is led to an NS equation in all these contexts essentially because of the result in Eq. (41).
As a simple illustration of the same effect, consider a metric of the form
which could represent the local Rindler frame when v A = 0 and N (x) ∝ x with the surface x = 0 being null and acting as the local Rindler horizon. Since such a metric represents flat spacetime, it obviously satisfies source-free Einstein's equation. If v A = 0 but constant, the metric represents a boosted frame in which the Rindler observer has a constant drift velocity v A in the transverse direction. When
A ) the metric is still static but will not, in general, satisfy source-free Einstein's equations. This introduces a spacetime dependent boost velocity with non-zero shear. For a general N (x) the null surfaces with translational symmetry in the y, z directions are given by f (t, x) = constant where
The normal to this null surface can be taken to be ℓ a = N 2 (−1, N −2 , 0, 0). (The overall normalisation, as we have discussed, is not unique but this form is based on Eq. (52) of the Appendix, which has some level of naturalness.) A direct calculation shows that, for these null surfaces, we have
with
It is obvious that Θ AB has the form of a shear tensor for a fluid with velocity v A . So the null surface fluid equations will pick up a viscous tensor arising from this shear. This is essentially what happens even in more general contexts.
Finally, it may be noted that the validity of DNS equation on a null surface forms the basis for the structural similarity noticed between gravity and fluid mechanics in the context of string theory motivated approaches in AdS etc (see e.g., [18] ). Once the field equation is reduced to the DNS form (or its generalization in a higher dimensional AdS context), one can attempt to solve the equation -which is an issue we have not addressed -and obtain the metric systematically using a long wavelength approximation of the fluid mechanics. This would involve expanding the metric in a series g ab = g ab 0 +ǫg ab 1 +ǫ 2 g ab 2 .... indexed by a book-keeping parameter ǫ and, simultaneously introducing a derivative expansion by rescaling the coordinates by x i → ǫx i in the argument. This will allow one to solve for the metric order by order in the long wavelength approximation exactly as in the case of fluid mechanics.
Conclusions
The similarity between gravitational field equations and the Navier-Stokes equation in the context of null surfaces was known (at least to the relativity community) for several decades now. However, it had not found any specific utility except possibly as a conceptual tool in membrane paradigm until recently when similar results, inspired by string theory, attracted attention to this subject. In this backdrop, the results of this paper have the following significance and implications:
Structure of spacetime entropy density functional
In all the previous approaches to the DNS equation, one starts from the gravitational field equations (which would have been obtained by some standard field theoretic procedure), projects them onto a null surface and reinterprets the resulting equation as the DNS equation. This is somewhat unsatisfactory conceptually since one would have expected a fluid dynamical equation to arise from an entropy maximization principle or something similar. Given the fact that Einstein's field equation itself has clear thermodynamical interpretation, it is obvious that DNS equation itself must be derivable in a direct manner from entropic considerations. We have achieved this goal in this paper by reinterpreting the previous result [1, 5] of obtaining the field equations from extremising entropy density of spacetime.
It is conceptually satisfying that the extremum condition for the entropy density of spacetime (directly related to null surfaces because they can act as local Rindler horizons) given by Eq. (4) has a natural interpretation when projected to a null surface. As Eq. (9) shows, such a projection -involving contractions with either ℓ a or q a b -makes the Lagrange multiplier term in Eq. (4) disappear and gives a direct relation between Ricci tensor and energy momentum tensor.
It may also be noted that the gravitational entropy density -which is the integrand
(2) -obeys the relation:
where the second relation is for Einstein's theory. This term is analogous to the more familiar object t on the boundary surface when we vary the gravitational action ( see, e.g., eq.(12.109) of [8] ). In fact, one obtains the results for null surfaces as a limiting process from the time-like surfaces (usually called stretched horizon) in the of membrane paradigm [11] . Equation (45) shows that the entropy density of spacetime is directly related to t c a and its counterpart in the case of null surface. This term also has the interpretation as the canonical momentum conjugate to the spatial metric in (1+3) context and Eq. (45) shows that the entropy density leads to a similar structure. This will form the basis for generalising the DNS equation to Lanczos-Lovelock models in a future publication [17] .
Further, the functional derivative of the gravitational entropy in Eq. (2) has the form, in any Lanczos-Lovelock model:
Previous work [1, 3, 14] has shown that the current J a = 2R ab ℓ b plays a crucial role in interpreting gravitational field equations as entropy balanced equations. In the context of local Rindler frames, when ℓ a arises as a limit of the time-like Killing vector in the local Rindler frame, J a can be interpreted as the Noether (entropy) current associated with the null surface. In that case, the generalization of the two projected equations in Eq. (9) to Lanczos-Lovelock model will read as
which relate the gravitational entropy density and flux to matter energy density and momentum flux. The second equation in the above set becomes the DNS equation in the context of Einstein's theory. All these results, including the DNS equation, will have direct generalization to Lanczos-Lovelock models which can be structured using the above concepts [17] . We again see that all these ideas find a natural home in the emergent paradigm.
Comparison of DNS and NS equations
We have used this occasion to clarify some issues related to the interpretation of DNS equation as describing a viscous fluid. As noted in Section 3.4 there are, in general, two crucial differences between DNS equation and standard NS equation.
The first is the appearance of time derivatives of the transverse metric q ab in the definition of shear viscosity tensor because of which it cannot be interpreted properly in general. In fact this term has no hydrodynamical interpretation except in very specific contexts or in a perturbative series. One can, however, avoid this difficulty by choosing specific class of metrics and coordinate systems.
The second difference has to do with the appearance of Lie derivative rather than the convective derivative in the momentum transport equation. As I argued, this requires one to work in the boosted local inertial frame for proper interpretation. Somewhat surprisingly, these two differences have not been explicitly discussed in published literature, to the extent I know.
Dissipation: a new level of observer dependence
The existence of viscosity in the fluid equation raises questions related to possible dissipational effects. I am not comfortable with the notion of continuous, observer independent, dissipation in the spacetime and have stressed the fact that the dissipational terms involving σ ab σ ab and θ 2 vanish in the boosted inertial frame which I consider to be appropriate for the interpretation of DNS equation, in view of the comments in Sec. 3.4 and Sec. 5.2. As pointed out earlier, in such a frame, the derivatives of the viscous tensor (related to spacetime curvature) are non-zero while the viscous tensor (proportional to Christoffel symbols) vanish. Of course, an observer who is not freely falling will perceive non-zero dissipational terms while a freely falling observer will not. This may sound paradoxical but observer dependence in the thermodynamic description of horizons is very well known and need not cause any (new) surprise.
A general framework incorporating the observer dependence of thermodynamic variables and providing a translation table for physical phenomena perceived by observers in different states of motion is currently lacking. This aspect deserves further investigation.
Appendix: Null surfaces
Consider a 4-dimensional spacetime manifold M with a metric g ab . A null surface in this spacetime is a 3-dimensional sub-manifold S such that the restriction γ µν of the spacetime metric g ab to S is degenerate, i.e., there exist vectors v µ in S such that γ µν v µ = 0. (Recall that we use the mostly positive signature; the Latin indices, a, b... go over 0 − 3 in M while the Greek indices α, β, ... go over the coordinates in a 3-dimensional null surface S with signature (−, +, +). When we restrict ourselves to the two-dimensional, spatial sub-manifold of this null surface, we will use uppercase Latin indices A, B, .... Our results are easily generalizable to a D−dimensional manifold but we will stick with 4 dimensions for notational simplicity.)
The normal to S is a null vector field ℓ a in the spacetime which can be written in the form ℓ a = f ∂ a φ where f and φ are scalars in the spacetime and φ is constant on S. Straightforward algebra using the fact
Therefore the rescaled vector L m ≡ f −1 ℓ m is null and satisfies the geodesic equation with affine parameterization; i.e., L i ∇ i L j = 0. Hence a null surface can be thought of as "filled by" (a congruence of) null geodesics. Equation (48) shows that ℓ a also satisfies the geodesic equation but with a non-affine parameterization if κ is non-zero. When the null surface corresponds to a black hole horizon in an asymptotically flat spacetime, there is a natural choice for ℓ a such that κ can be identified with the surface gravity of the black hole horizon. We shall continue to use this terminology and call κ in Eq. (48) as the surface gravity of S even when it depends on the choice of normalization for the null vector field. In the case of S being a local Rindler horizon, one can relate κ to the acceleration of the congruence of Rindler observers which one is considering; the arbitrariness in the normalization translates into the arbitrariness in the choice of the acceleration for the Rindler observers.
The fact that the null surface is spanned by the null geodesics allows us to introduce a natural coordinate system adapted to a family of null surfaces in the spacetime as follows: We choose one of the coordinates such that x 3 = constant correspond to a set of null surfaces with, say, x 3 = 0 on S. Let the intersection of S with a x 0 = constant surface (Σ t ) of the spacetime be a 2-dimensional surface S t with coordinates x A ≡ (x 1 , x 2 ) and coordinate basis vectors e A ≡ ∂ A . At any point P in Σ t there will be one future pointing null direction orthogonal to the 2-surface S t . We choose ℓ at P to be in this direction with ℓ · e A = 0 on S t . We can now erect a coordinate system in the neighborhood of Σ t by the following choice: (a) The coordinates x 1 , x 2 , x 3 are taken to be constant along the geodesics starting from each point P(x 1 , x 2 , x 3 ) in Σ t in the direction of ℓ a (x); (b) x 0 is chosen to be the affine parameter distance along these geodesics with λ = t on Σ t .
In such a coordinate system, ℓ = ∂/∂x 0 so that ℓ a = δ a 0 and the condition ℓ 2 = 0 translates to g 00 = 0. Further, the geodesic condition with affine parametrization gives
requiring ∂ 0 g 0b = 0 along each geodesic. But initially, on Σ t we have γ 0A = ℓ·e A = 0 and γ 00 = 0 because ℓ is orthogonal to the basis vectors e A as well as to itself. This requires (γ 00 , γ 0A ) to vanish all along the geodesic. The line element will now take the form:
with ǫ = ±1. The x 3 = constant surfaces are null with the line element ds 2 = q AB dx A dx B because in the (degenerate) metric γ µν (with µ, ν = 0, 1, 2) the coefficients γ 0µ vanish: i.e., γ 00 = γ 0A = 0. For example, when N = M = 1; q AB = δ AB ; m A = 0 we recover the usual null coordinates x 3 = z + t or x 3 = z − t for the two choices of ǫ.
In this construction of coordinates, we have embedded S in a one-parameter congruence of null hypersurfaces corresponding to x 3 = constant and the other coordinates x 0 , x 1 and x 2 are constructed in such a way that ℓ = ∂/∂x 0 is a null geodesic field in the neighborhood of S. While this is always possible it is often advantageous to use a slightly less restrictive coordinate system in which the geodesic condition is relaxed but the coordinate x 3 is constant on the null hypersurfaces of interest. This can be achieved by allowing for non-zero γ 00 and γ 0A . In such a case, the coordinates can be chosen such that the line interval becomes:
(51) The metric on S t corresponding to t = constant, x 3 = constant is q AB with a well defined inverse q AB . The raising and lowering of the uppercase indices A, B etc. in this transverse two-dimensional surface are done using these metrics. We also have √ −g = M (det q AB ) 1/2 . The null vector field will now be ℓ = ∂ 0 +v A ∂ A = ∂ 0 +v A e A with components ℓ a = (1, v A , 0) with ℓ · ℓ = 0 = ℓ · e A . Clearly, ℓ has the structure of a convective derivative if we think of v A as a transverse velocity field. From the form of the metric in Eq. (51) it can be explicitly verified that γ µν ℓ ν = 0 where the Greek letters run over 0, 1, 2 on the null surface S with x 3 = constant. Therefore the 3-metric on S is indeed degenerate. This fact requires us to be careful in characterizing the extrinsic geometry of S since raising and lowering of indices will not be possible with a degenerate metric. As outlined in the main text, this can be done by expanding ∇ α ℓ using the coordinate basis e µ = ∂ µ on S. For many purposes it is convenient to have a more formal approach in terms of tensorial objects defined in the 4-dimensional spacetime and their projections onto S t . We shall now indicate how this can be done along the lines described in the excellent review, ref. [12] .
We will begin by introducing the standard (1 + 3) foliation of the spacetime with the normals n = −N dt to Σ t where N is the lapse function. Let s be a unit normal to a set of time-like surfaces such that n · s = 0. We can now define two null vector fields by
The primary vector field we are interested in is ℓ while k is an auxiliary null vector field with ℓ · k = −1 which is useful for the study of extrinsic geometry. (Of course, ℓ and k can be introduced without n and s but this allows a natural normalization.)
We can now define a metric q ab on the 2-dimensional surface S t orthogonal to the n and s through standard relations:
The mixed tensor q a b allows us to project quantities onto S t . We can also define another projector orthogonal to k b by the definition Π
We can now introduce the Weingarten coefficients as the projection of the covariant derivative ∇ d ℓ a by the definition
which has the properties
where the surface gravity κ is defined through the relation ℓ j ∇ j ℓ i = κℓ i and ω a through the last equality. The only non-trivial result is χ ab k a = −ℓ j ∇ j k b which can be proved (see e.g., Eq. (5.40) of ref. [12] ) by working out the components in the adapted coordinate system. Note that ω a satisfies the relations ω a ℓ a = κ and ω a k a = 0. We next define Θ ab by projecting χ mb to S t . We get, on using ℓ m χ mb = 0 and k m χ mb = −ω b , the result: 
For computational purposes it is often convenient to relate Θ ab , Ω i etc. to more familiar quantities defined using the standard (1+3) decomposition of the metric. It can be shown that (see Section 10.2 of ref. [12] ) the following results hold which are often useful for explicit computation:
These results again allow us to express the projection of Einstein's equations onto S t . To do this one begins with the standard relation ∇ m ∇ a ℓ m − ∇ a ∇ m ℓ m = R ma ℓ m and substitute for ∇ a ℓ m using Eq. (58) and for ∇ m ℓ m using Eq. (59) repeatedly. This leads, after some straightforward algebra, to the relation
The projection of R ma ℓ m using Π n a separates into two terms given by R mn ℓ m Π n a = −R mn ℓ m ℓ n k a + R mn ℓ m q n a .
As mentioned in the main text, we now see that there is a projection along ℓ itself and a projection to the 2-surface S t . Of these, the R mn ℓ m ℓ n will give the familiar Raychaudhuri equation while R mn ℓ m q n a will lead to an equation which looks similar to Navier-Stokes equation. The Raychaudhuri equation can be obtained very easily by contracting Eq. (63) with ℓ and simplifying the result. We get
It is again conventional to separate out the trace of Θ mn and define σ mn = Θ mn − (1/2)q mn θ so that we can write Θ mn Θ mn = σ mn σ mn + (1/2)θ 2 . The derivation of the Navier-Stokes like equation is more complicated. Contracting Eq. (63) 
with q n a ∇ n (κ + θ) ≡ D a (κ + θ) where D a is the covariant derivative defined using the metric on S t . The first and the last terms on the right hand side can also be combined in terms of D a using the relation:
In obtaining this result we have repeatedly used the orthogonality condition Θ 
In the second term in Eq. (66) we introduce the Lie derivative of Ω n through the expansion
Combining all these together we get 
This is the form which was used in the main text.
